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Abstract-The impedance problem for the propagative Helmholtz equation in the interior multi- 
ply connected domain is studied in two and three dimensions by a special modification of a boundary 
integral equation method. Additional boundaries are introduced inside interior parts of the boundary 
of the domain. The solution of the problem is obtained in the form of a single layer potential on the 
whole boundary. The density in the potential satisfies the uniquely solvable Fredholm equation of 
the second kind and can be computed by standard codes. In fact, our method holds for any positive 
wave numbers. @ 2003 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
The reduction of the impedance problem for the Helmholtz equation in the interior multiply 
connected domain to the uniquely solvable integral equation is very important for finding a 
numerical solution of this problem. Neumann problem for the propagative Helmholtz equation in 
interior domain is not uniquely solvable for infinite number of frequencies which are eigenvalues 
of the corresponding spectral problem. In other words, the homogeneous problem may have 
nontrivial solutions. Unlike this, the impedance problem in an interior domain may have no more 
than one solution for all frequencies if the coefficient in the boundary condition is a complex- 
valued function. So, it is reasonable to reduce the impedance problem to the uniquely solvable 
F’redholm equation of the second kind and index zero by means of potential theory. At the same 
time, both impedance and Neumann problems for the propagative Helmholtz equation in exterior 
domain are uniquely solvable also, but they cannot be reduced to the uniquely solvable boundary 
integral equation in a simple way by a single layer potential. More precisely, such reduction is 
impossible if the obstacle is a resonance domain. The method of reduction of these problems 
to the uniquely solvable hypersingular equation has been presented in [1,2], where the authors 
suggested to look for a solution as a sum of single and double layer potentials. The basic lack of 
this method consists in that the normal derivative of the double layer potential may not exist, 
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while the classical solution of the problem exists. Therefore, the solution cannot be presented as 
a sum of single and double layer potentials in certain cases, Moreover, the numerical analysis of 
hypersingular integral equations is rather complicated and requires special approaches [3-lo]. 
Another technique for solving Neumann and impedance problems in an exterior domain has 
been developed in [ll-131, where it was suggested to put the infinite number of point sources 
inside the scattering body. This method enables us to reduce the problem to the uniquely solvable 
l+edholm equation of the second kind for a scatterer of an arbitrary shape. 
One more approach for reduction of the 2-D Neumann problem in exterior domain to the 
uniquely solvable Fredholm integral equation has been presented in [14]. It was proposed to 
exchange the Hankel function in the single layer potential for the Green’s function outside a 
circle with impedance boundary condition placed inside the scatterer. This approach has been 
developed only for simply connected domain in a 2-D case and it leads to complicated kernels 
in both potential and integral equation. In fact, the kernels contain an infinite series of Hankel 
functions, i.e., point sources. 
In the present paper, we use the new approach to reduce the impedance problem for the 
propagative Helmholtz equation in interior multiply connected domain to the uniquely solvable 
Fredholm equation of the second kind. This approach can be called ‘method of interior bound- 
aries’. Instead of an infinite number of point sources it is proposed to put additional boundaries 
inside interior parts of the boundary of the domain. Additional boundaries are closed surfaces, 
where the additional boundary condition is given. It is shown that the modified problem with 
additional boundaries has no more than one solution. Moreover, any solution of the modified 
problem is a solution of the original impedance problem. Looking for a solution of the modified 
problem with additional boundaries in the form of a single layer potential, we obtain the uniquely 
solvable Fredholm equation of the second kind on the total boundary. In this way, we construct 
the solution of the modified problem, and consequently, the solution of the original impedance 
problem. The F’redholm integral equation can be easily computed by standard codes. It will be 
shown that our method holds for any wave number lc E (0, kc], where kc is an arbitrary fixed 
positive number. In fact, our method holds for all k, which may be used for computations in 
practical problems, since kc can be taken large enough, i.e., as large as it is necessary. 
On the other hand, the basic result of this paper can be expressed in the following way. The 
Neumann problem for the propagative Helmholtz equation is not uniquely solvable in the interior 
domain, because it is associated with a spectral problem, and so it is not uniquely solvable for 
wave numbers coinciding with eigenvalues. If an impedance boundary condition with complex 
coefficient is given on a (small) part of the boundary instead of the Neumann condition, then 
the inhomogeneous boundary value problem is uniquely solvable, and it is shown in the present 
paper how to reduce this problem to the uniquely solvable Fredholm boundary integral equation 
of the second kind and index zero. 
The problems on scattering waves by a finite number of 2-D nonclosed screens (open arcs) were 
reduced to the uniquely solvable Fredholm integral equations in [15-191. 
2. FORMULATION OF THE PROBLEM 
Let z = (~1,. . ,z,) E R” for m = 2 or m = 3, and A is a Laplacian in R”. We consider 
interior open multiply connected domain V c R” with the boundary l? = U,“,,In of class 
C210, where I’r , . . . , IN are simple closed surfaces if m = 3 or curves if m = 2 without common 
points. It is assumed that the surface (curve) I’r encloses all the others. The surface (curve) I, 
(n = 2,. . . ) N) bounds interior simply connected open domain 2),. The exterior simply connected 
domain bounded by I’i is denoted by Di. Let n, be a unit normal vector to I at x E r. The 
vector n, is an outward normal regarding to V. Consider I’, as a double-sided surface (curve). 
By r; we denote that side of I, which we observe when facing towards the normal’s tips. The 
opposite side will be called I,+. Accordingly, I* = l-l,“==, I’;. 
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We say that the function W(Z) defined in D belongs to the smoothness class K if 
(1) W(Z) E C”(D) r-l C”(D), 
(2) there exists a uniform for all x E I’+ limit of (nzr V,W(?)), as z E V tends to r E l? 
along the normal n,. 
Let us formulate the interior impedance problem for the propagative Helmholtz equation in 
the domain V c R” with m = 3 or m = 2. 
PROBLEM V. To find a function W(Z) of the class K, so that W(Z) satisfies the Helmholtz 
equation in V 
Aw(x) + @W(Z) = 0, k=ReIc=const>O, (2.1) 
and satisfies the boundary condition 
( 
aw(x) -g- + !d~c)W(Xc) )I = f(x)Lfm 2: xGr+ (2.2) 
where functions g(x) and f( z are given on I’, g(z) E Co@?) and either Img(z) 2 0, for all z E I’, ) 
or Img(z) 5 0, for all z E I. In addition, there exists x0 E I, such that Img(z’) # 0. 
All conditions of the problem must be satisfied in the classical sense. By p on I’+ we mean 
the limit ensured in (2) of the definition of the smoothness class K. 
The following theorem holds. 
THEOREM 1. There is no more than one solution of Problem V. 
PROOF. Let WO(z) b e an arbitrary solution of the homogeneous Problem V. Our aim is to show 
that We(x) G 0 in D. 
By @‘c(x) we denote a function which is the complex conjugate to We(x). Clearly, me(x) 
belongs to the class K. For Ii,. ,I ,v, we construct closed equidistant surfaces (contours) [20] 
lying in domain 2, and write energy identity for the domain bounded by these surfaces (contours). 
Then, we tend surfaces (contours) to I+. Using smoothness of We(x) ensured by the class K. 
we get 
/lvwoII&7, - lc211woll~2(~) = J Wo(x)z$$ ds = -J lwo(x)~2g(x)ds, (2.3) r+ 2 r+ 
where condition (2.2) was used. By s. . . ds we denote the surface (curvilinear) integral of the 
first kind. We take the imaginary part in (2.3), keeping in mind that Img(x) does not change 
sign on I, then we obtain 
J lWo(x)121 Img(z)] ds = 0. (2.4) r+
In the formulation of Problem V, it was assumed that Img(x) E C”(P), and there exists Z” E P 
such that Img(x’) # 0. It foll ows from the properties of continuous functions that there exists 
the part I’ # 0 of the boundary such that x0 E l?, p c I, and Img(z) # 0 for any J: E I;. 
Using (2.4), we observe 
J F+ jW~(z)/~j Img(x)] ds = 0. 
Therefore, 
WO(X)lF+ = 0, (2.5) 
and according to the homogeneous boundary condition (2.2), we have 
(24 
3Wo(x) 
dn, pi 
= 0. 
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Thus, We satisfies zero Cauchy data (2.5),(2.6) on l? and obeys the Helmholtz equation (2.1) 
in 2>. In other words, We(z) is a solution of the elliptic Cauchy problem with zero Cauchy data 
in the neighbourhood of F+. The function which is identically equal to zero in the neighbourhood 
of f+ satisfies this problem. According to the uniqueness theorem for the elliptic Cauchy prob- 
lem [21, Section 19, pp. 59-601, this problem has at most one solution. Consequently, there exists 
a small nonempty subdomain B c D having F as a part of the boundary so that We(z) G 0 for 
any z E d. Since Wc(~c) is a classical solution of the Helmholtz equation in D, it is analytic in 
2) (see [22, Chapter 4, Section 4.4, Corollary 4.4.11). Using th e method of analytic continuation, 
we may prove that 
We(x) = 0, in 2). 
REMARK. Indeed, we can show that Wc(~l) = 0 for any z1 E 27. To prove this we connect z1 
and a fixed interior point of 8 by an arc lying in D). Then, we cover the arc by a finite number of 
balls (circles if m = 2) which lie in ZJ. The center of the first ball ( circle) is the mentioned interior 
point of 3,. Then, balls (circles) go to x1, so that the center of each ball (circle) is contained in the 
previous one and belongs to the arc. The last ball (circle) contains zl. Since We(z) is analytic 
in 2) as a solution of the Helmholtz equation [22, Chapter 4, Section 4.4, Corollary 4.4.11, we 
expand it in the convergence Taylor series in each ball ( circle). The coefficients of the Taylor series 
coincide with derivatives of We(z) in the origin. The Taylor expansion in the first ball (circle) is 
identically equal to zero, because its origin lies in @ where We E 0, and so all derivatives of 
We in the origin as well as Taylor coefficients are equal to zero. Then, we sequentially show 
that expansions in all other balls (circles) are also equal to zero, since the vicinity of the origin 
of each ball (circle) lies in the previous ball (circle), where We(z) is identically equal to zero. 
Consequently, Wc(Xl) = 0 for any z1 E D. 
Hence, the homogeneous Problem V has only a trivial solution, and the theorem is proved due 
to the linearity of Problem V. 
5. THE MODIFIED PROBLEM 
In this section, we consider the modification of Problem V which will be called Vc. Recall that, 
in our notations, m = 3 and m = 2 correspond to 3-D and 2-D cases, respectively. In each domain 
vn (n=2,...,N), we consider a simple closed surface if m = 3 or curve if m = 2 of class C2~’ 
and denote it TV. Suppose that yn bounds the interior open simply connected domain L0; c ‘0,. 
The surfaces (curves) y,, are chosen in such a way that for any k from the set Z c (0, co), the 
following Dirichlet problem in Dz: 
u(x) E CO(E) n c”(q), 
Au(z) + k2u(z) = 0, x E vi, 
4X)IZE-h = 07 
(3.1) 
has only the trivial solution (n = 2,. . . , N). 
Clearly, surfaces (curves) bin can be chosen in different ways. For example, let 
k ET= (O,ko], (3.2) 
where ko is an arbitrary fixed positive number. For this set Z as TV, we can take an arbitrary 
sphere if m = 3 or an arbitrary circumference if m = 2 lying in Vn with the radius T satisfying 
the estimation 
?-<4 
ko ’ 
ifm=3, 
T < 2.40475 (3.3) 
-1 
ko 
ifm=2. 
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Let us show that problem (3.1) h as only the trivial solution for any k in (3.2). We consider the 
spectral problem in ‘DG (n = 2,. . , N) 
U(X) E Co(q) n C2(D;), 
fw(cc) + X2U(x) = 0, xEV,*,. (3.4) 
U(x)I.rEy, = 0. 
The eigenvalues of (3.4) are positive and can be numbered in ascending order [23, p. 2981. The 
first eigenvalue of the ball is Xr = r/r. The first eigenvalue of the circle is Xr = c/r, where 
c z 2.4048 is the least positive root of the equation Jo(z) = 0. Here, Jo(z) is the Bessel function 
of index zero [23, p. 301; 201. If X < Xi(r) th en, problem (3.4) has only a trivial solution. 
Consequently, the inequality ko < Xl(r) ensures that problem (3.1) has only the trivial solution 
for any k in (3.2). This inequality leads to (3.3). 
Instead of ball (circle), we can take as V: an arbitrary simply connected domain in V,, which 
diameter d satisfies the estimation 
(3.5) 
then, problem (3.1) h as only the trivial solution for any k in (3.2). This statement results from [24, 
Section 3.4, Lemma 3.261. 
Thus, below we suppose that the surfaces (curves) 71,. . . , TN are chosen in the following way. 
Each ‘yn (n = 2,. . , N) is a simple closed surface if m = 3 or curve 
if m = 2, such that 3;1 c DD,, 7n is of class C2,’ and problem (3.1) 
has only a trivial solution for any k belonging to the set Z c (0, oo). 
(3.6) 
Consider also one more assumption, where 71,. . , YN are taken constructively. 
Let ko be an arbitrary fixed positive number, and let each ?ln (n = 2,. . , N) 
be subject to one to two conditions 
(1) yn is a sphere if m = 3 or circumference if m = 2, 7% c V,, and the radius 
of ‘yn meets inequality (3.3); 
(2) 7n is a simple closed surface if m = 3 or curve if m = 2, 7n is of class C210, 
“in c VD,, and the diameter of “in meets inequality (3.5). 
(3.7) 
As indicated above, if (3.7) holds, then (3.6) is satisfied with Z = (0, ko]. 
We put y = Ux, ‘yn and introduce the unit normal vector nZ to y at IC E 7. If T E TV, then 
the vector n, is an outward normal regarding to the domain Vz bounded by “in (n = 2,. . , N). 
Consider yn as a double-sided surface (curve). By -y;, we denote that side of yn which we 
observe when facing towards the normal’s tips. The opposite side of yn will be called 7:. Set 
Y* = U,“=, 7,’ and 2)’ = Ufz2(R \ (v7t U m)). 
We say that the function W(x) defined in R” belongs to the class of smoothness Kc if 
(1) W(z) E C’(R”) n C2(R” \ (r u y)), 
(2) Condition (2) in the definition of the class K holds, 
(3) there exists the uniform limit of (n,, V,W(%)) f or all 3: E r- U y- as Z E ‘Do tends to 
ZEr-Uy- along the normal n,. 
Clearly, any function of class Kc belongs to the class K that is Kc c K. Now, we formulate 
the modified problem, which we call Va. 
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PROBLEM Vo. In assumption that condition (3.6) holds, we must find a function W(z) of the 
class Ko, so that W(z) obeys the Heimholtz equation (2.1) in R” \ (I’Uy), satisfies the boundary 
condition (2.2) and the additional homogeneous boundary condition on y- 
( 
aw(x) - - iW(x) an, )I = 0. ZEy- 
Moreover, the function W(x) must satisfy the radiation conditions at infinity 
w = O(l2pq , G - ikW = o(lxp-m)‘2), 
(3.8) 
sslxl= xf+.-+x+00. 
By p on y- we mean the limit ensured in (3) of the definition of the smoothness class Ko. 
All conditions of Problem Vo must be satisfied in the classical sense. 
Clearly, any solution of Problem Vo is a solution of Problem V. 
Let us prove the uniqueness theorem. 
THEOREM 2. If condition (3.6) holds, then for any k E Z Problem VO has no more than one 
solution. 
PROOF. Let We(x) be a solution of the homogeneous Problem Vo. Our aim is to show that 
We(x) E 0. As noted above, We(x) satisfies the homogeneous Problem V. According to Theo- 
rem 1, 
We(x) E 0, x E v. (3.10) 
It follows from the definition of the class Ko that We(x) is continuous across r. So, W,(x) 
satisfies the following homogeneous boundary value problem in 2)’ 
AWo(x) $ k2Wo(x) = 0, 
WO(XLr\rl = 0, 
awe(x) - - iWo(x) 
an, >I 
= 0. 
as-f- 
x E tie = 6 (V,, \ (Vi u m)), 
n=2 
(3.11a) 
(3.11b) 
(3.11c) 
Note that dz)’ = (I’ \ l?l) U y. W e construct equidistant surfaces (curves) in V” for boundaries 
r \ rl and y, write energy equalities in domains bounded by these surfaces (curves) and tend 
these surfaces (curves) to the boundaries [20]. Using the smoothness properties, ensured by the 
class Ko, we obtain 
-llvwol12Lz(Do) + ~211wollL,(D~) = J J&(x) awe(x) ds = an, J - W,,(x) awo(x) ds (r\rl)-uy- -Y- an, 
=2 J lW&)12 ds, -l 
where we applied the boundary conditions (3.11b),(3.11c) . Taking the imaginary part in the 
latter identity we have 
J IWo(x)12ds = 0, Y 
therefore, 
wo(x)lzEy = 0 , (3.12) 
and thanks to (3.11~) 
awe(x) 
dn, = 
0. (3.13) 
xP/- 
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The function We(z) is continuous across y since Mfe(z) E Ke. Taking into account (3.11), we 
observe that the function W*(z) satisfies the following Dirichlet problem in each domain V?:, 
(72 = 2,. . , Iv): 
It follows from condition (3.6) that 
W&J) Ez 0, 5Ev; (n=2,...,N), 
therefore, 
awe(x) 
an, 
= 0. 
XEy- 
Joining (3.12), (3.13), and (3.15), we obtain that the matching conditions hold 
(3.14) 
(3.15) 
(3.16) 
Recall that We(z) is twice continuously differentiable and obeys the Helmholtz equation in 
RJ,N_d’n) \ 7. Th an s k t o matching conditions (3.16), the function We(z) can be analytically 
continued across y, because y is a set of removable singularities for F!‘e(zr). In other words, 
it can be shown with the help of (3.16) and the third Green’s formula [20, Section 30.21 that 
We(z) E C2(V,) (7l = 2,. . . , N), and We(z) satisfies the Helmholtz equation (2.1) everywhere 
in V,, in particular, on Ye. As shown in (3.14), We(z) is identically equal to zero in the sub- 
domain of V,, because Vi c Vn. At the same time, We(z) is analytic in V)n as a solution of 
the Helmholtz equation [22, Chapter 4, Section 4.4, Corollary 4.4.11. According to the method 
of analytic continuation, we can prove that 
Wo(2z) = 0, z E pL (7l = 2,. .) N). (3.17) 
The arguments are the same as in the proof of Theorem 1 (see Remark). 
We consider the exterior simply connected domain Vi bounded by ri. The function I,l’s(:r) is 
continuous across I’i because We(r) belongs to the class Ke. Using (3.10), we obtain 
Since We(z) is a solution of the homogeneous Problem V 0, we observe that the function We(r) 
satisfies the following homogeneous Dirichlet problem in Vi with radiation conditions at infinity 
Awe(z) + /c2W,(~) = 0, z E VI: 
Wob&q = 0: 
w, = 0 121(1-m)‘2 
> 
) Jg$ - iklv0 = o(j,l(1-nL)‘2), 1x1 i cm. 
It, is well known [24, Theorem 3.13) that this problem has only the trivial solution 
W()(x) E 0, in VI. 
Using (3.10), (3.17), and the smoothness of @‘c(z) ensured by the class Ke, we obtain 
W&z) I= 0, in R", (m = 2 or 7n = 3). 
Thus, the homogeneous Problem Ve has only a trivial solution. Consequently, the inhomogeneous 
Problem Vo has no more than one solution. The theorem is proved. 
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4. INTEGRAL EQUATIONS AND THE SOLUTION 
OF THE PROBLEM 
In the present section, we obtain the solution of Problem Ve in the form of single layer potential 
which density obeys the uniquely solvable Fredholm equation of the second kind on the total 
boundary P U y. As noted above this solution of Problem Ve is also a solution of Problem V. 
To prove the existence theorem, we impose the additional condition to the function f(z) in (2.2) 
f(z) E CO(r). (4.1) 
We look for a solution of Problem Ve in the form of the single layer potential on P U y 
(4.2) 
where y = (yi,... , ym) E P U y and G~(z, y) is a fundamental solution of the Helmholtz equa- 
tion (2.1) in R”, so that 
I 
;@(klz - Yl), ifm=2, 
c&Y) = 
l expW - YI), 
zi la:-yl 
if m = 3 
By Y!‘(Z), we denote the Hankel function of the first kind and index zero [20,25] 
‘Ftp(z) = JZew (iz - i/4 J M exp(-t)t- l/2 nfi dt. 0 
We look for the density P(Z) of the potential (4.2) among the continuous functions p(z) E 
C”(I’Uy). According to the properties of a single layer potential [15,20,24], function (4.2) belongs 
to the class Ke and satisfies all conditions of Problem Ve except for the boundary conditions 
on l? and y-. To satisfy the boundary conditions, we substitute (4.2) into (2.2) and (3.8), use 
the limit formulae for normal derivatives of a single layer potential [15,20,24] and arrive at the 
following integral equations of the second kind for the density p(z): 
Equations (4.3),(4.4) can be written in the form of one equation of the second kind on the whole 
boundary F U y 
P(Y)QJ~, Y) ds, = fob:), 2a--uy, (4.5) 
where 
(4.6) 
Since r U y E C210, the kernel in the integral equation (4.5) has a weak singularity, and the 
integral term in (4.5) is continuous on P u y in z (see [2O, Section 17.4, Lemma 11). Therefore, 
the integral operator in (4.5) maps C”(I’ U y) into itself. Moreover, (4.5) is a Fredholm integral 
equation in Co@’ U y), because its kernel has a weak singularity [20]. We arrive at the following. 
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LEMMA. Let conditions (3.6) and (4.1) hold. If u(x) E C’(l?U y) obeys Fredholm equation (4.5), 
then the single layer potential (4.2) is a solution of Problem VO. 
REMARK. The lemma is true for any k > 0 in a 3-D case and for any k > 0 in a 2-D case, i.e., 
we do not require that k E Z in the lemma. 
Assuming that condition (3.6) holds, we will show that the homogeneous Fredholm equa- 
tion (4.5) has only the trivial solution for any k E I’. Let p’(x) b e a solution of the homogeneous 
equation (4.5), then it obeys homogeneous equations (4.3),(4.4). We substitute p’(x) in (4.2) 
and consider the function W[,u”](x). On the basis of the lemma, l&$‘](x) is a solution of the 
homogeneous Problem Vs. According to Theorem 2, since condition (3.6) holds, this problem 
has only a trivial solution for any k E 1, and we obtain 
w [cl”] (xl z 0, inR” (m=2orm=3). 
Recall, W[p”](x) belongs to the class Ko, and so IJ+‘[~~](x) E C”(Rm) n C’(R” \ (I? U 7)). Using 
the jump formulae [15,20,24] for the normal derivatives of the single layer potential (4.2) on I 
and y, we obtain 
Consequently, p’(x) E 0 for x E P U y. Thus, assuming that condition (3.6) holds, we have 
proved that the homogeneous Fredholm integral equation (4.5) has only a trivial solution for any 
k E 2. According to Fredholm alternative, the inhomogeneous equation (4.5) is uniquely solvable 
in these assumptions for any fo(x) E C”(I U y). We arrive at the following. 
THEOREM 3. Let conditions (3.6) hold. If k E Z, then the Fredholm integral equation (4.5) has 
a unique solution p(x) E Co (r U y) f or any to(x) E CO(fUy), in particular, for any f(z) E CO(r) 
in (4.6). 
Recall that condition (3.6) follows from (3.7). 
COROLLARY 1. Let conditions (3.7) hold. If k E (0, ko], then the Fredholm equation (4.5) has a 
unique solution u(x) E cop U y) f or any fo(x) E cop U y), in particular, for any f(z) E co(r) 
in (4.6). 
From the lemma and Theorem 3, we obtain the solvability theorem for Problem VO. 
THEOREM 4. If conditions (3.6),(4.1) hold, then for any k E Z the solution of Problem VO exists 
and is given by a single layer potential (4.2), where p(x) is a unique solution of the Fredholm 
integral equation (4.5), ensured b-y Theorem 3. 
As noted above, any solution of Problem Vo satisfies Problem V. Therefore, the solution of 
Problem Ve constructed in the Theorem 4 satisfies Problem V. 
THEOREM 5. If conditions (3.6),(4.1) hold, then for any k E Z the solution of Problem V exists 
and is given by the single layer potential (4.21, where p(x) is a unique solution of the Fredholm 
integral equation (4.5), ensured by Theorem 3. 
Since condition (3.6) follows from (3.7), we arrive at the result. 
COROLLARY 2. Let assumptions (3.7),(4.1) hold. Then, for any k E (0, ko] the solution of Prob- 
lem V is given by (4.2), where p(x) is a unique solution of the Fredholm integral equation (4.5) 
ensured by Corollary 1. 
Note that condition (3.7) always can be satisfied. 
Theorem 5 and the Corollary 2 are the main results of the present paper. Based on the 
method of Fredholm integral equations, we proved the solvability of Problem V for P E C2,‘, 
g(x), f(x) E C’(r) and Img(x) # 0 on P. In fact, our proof is valid for any positive k, since ko 
can be taken as large as necessary. 
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